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Introduction 

Suppose / : M M is an embedding of a CR manifold M into a CR manifold 
M of strictly larger dimension with both M and M strictly pseudoconvex and 
of hypersurface type. In Riemannian geometry the Levi-Civita connection 
induces a family of curves called geodesies defined by a certain second order 
partial differential equation. On a CR manifold chains are a special type 
of CR invariant curve defined by a second order partial differential equation 
determined by the CR structure. Chains determine the CR structure of a 
manifold in the sense of the result by J. Cheng in 1988 ([I]) which says that 
any (local) diffeomorphism between two nondegenerate CR manifolds which 
preserves chains must in fact be a CR (or conjugate CR) diffeomorphism. In 
the language of the famous paper by S. S. Chern and J. K. Moser (|T]) a curve 
in a strictly pseudoconvex CR manifold M is a chain if there exists a complete 
system of forms on the structure bundle over M {u, cu a , u 13 , 4>, , 4> a , (fr, 
such that, after pulling back to M, along the curve we have: 

9 a = <j) a = 

In the Riemannian setting, vanishing of the second fundamental form of a 
smooth embedding is equivalent to the preservation of geodesies. In the 
CR setting this may not generally be the case, however we will see below 
that, in the case that the target is spherical (ie M =i oc §>), a CR embedding 
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/ : M — > § preserves chains if and only if it's CR second fundamental form 
vanishes. Moreover in this paper we will discover a different geometric prop- 
erty which is equivalent to the above conditions, in the case that the target 
is locally spherical. 

In his 1976 paper " 'Monge- Ampere equations, the Bergman kernel, and ge- 
ometry of pseudoconvex domains,"' ([3]) C. L. Fefferman developed a circle 
bundle over the boundary of a strictly pseudoconvex domain in C n equipped 
with a Lorentz metric that carried with it information about the CR structure 
of the boundary. His method involved using an approximation of a solution 
to the Monge- Ampere equations. In particular he proves that chains are the 
projections of light rays (aka null geodesies) on the circle bundle down to 
the boundary of the domain. In 1977 D. Burns, Jr., K. Diederich, and S. 
Shnider ([6]) and S. M. Webster ([7]) introduced intrinsic constructions of 
the Fefferman metric thereby generalizing the Fefferman bundle to abstract 
CR manifolds with nondegenerate Levi Form (positive signature is allowed). 
The conformal class of the Fefferman metric is a CR invariant which we will 
denote by [h] where h is a metric representing the conformal class. Let the 
collection (C — > M, [h]) be called the Fefferman bundle. Now we can ask the 
following question: 

Under what conditions may the embedding / be lifted to a con- 
formal isometric embedding of C into CI 

It is easy to see that any CR diffeomorphism between two equidimensional 
CR hypersurfaces locally lifts to a conformal isometry. If the target is higher 
dimensional we will show that a necessary and sufficient condition for such 
an isometric lift to exist will be a certain relationship between the conformal 
curvature tensor of the ambient space M, the second fundamental form of the 
embedding /, and the CR dimension of M (see Theorem 14. ip . We will also 
see that this condition is implied by the preservation of chains condition. In 
the case that the ambient space M is locally spherical the equations reduce 
to a particularly simple result. 

Theorem 0.1 Suppose f : M S 2n+l is a CR embedding of a strictly pseu- 
doconvex hypersurface M into a sphere of larger dimension. The following 
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conditions are equivalent. 

1. /preserves chains 

2. There is a local lift of f to a conformal isometry of Fefferman metrics 

3. The CR second fundamental form of f vanishes 

4. There exists a local CR diffeomorphism <ft from the sphere S 2n+1 to M 
and an automorphism of the target sphere A £ Aut(E> 2n+1 ) such that 
the composition A o / o <f) : § 2n+1 — y § 2n+1 is the linear embedding. 



We say that M admits a (pseudohermitian) pseudo-Einstein structure if it 
admits a contact form 9 so that the associated pseudohermitian Ricci and 
scalar curvatures satisfy: 

In the process we will establish the following (local) implication in the case 
of a general target space M: 

Proposition 1 If M and M admit an adapted pseudo-Einstein structure 
with respect to the embedding f : M — >■ M (that is they admit an adapted 
coframe which is pseudo-Einstein for both M and M ) then f may be lifted 
to a conformal isometry of the associated Fefferman metrics. 



1 Adapted Frames 

Let M be a strictly pseudoconvex CR manifold of hypersurface type. There 
is a subbundle of the tangent space of M, H, called the complex tangent 
space of M. A choice of a nonvanishing real 1-form 6 £ H which annihilates 
H is called a contact form on M. Fixing such a choice of 9, the pair (M, 9) 
is called a choice of pseudohermitian structure. We say {9, 9 a , 9 a } is an 
admissible coframe for M if the Levi form is given as the identity matrix; 
d9 = ig a p9 a A 9 13 where g a s = 5 a p and 1 < a < n where dimM = 2n + 1 . 
In [8] Webster shows that associated to a pseudohermitian structure on M 
is a family of connection 1-forms uoj 3 which are uniquely determined by the 
choice of frame {9, 9 a } and the conditions: 

d9 p = 9 a A uj + 9 A (1.1) 
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dg a p = u a p + up a (1.2) 

with t 13 = A 13 nO* 1 , A af5 = A 1301 , and here we are using the summation con- 
vention with the matrix (g a p) to raise an lower indices, (e.g. u a p = uj^g^). 
Webster showed that these forms determine a unique connection on H. The 
analogous forms on M will be given a hat. He then showed that the pseudo- 
hermitian curvature R a ^ ^ satisfies 

duJ-ujAu^ = Rj ^ l A9 9 + Wj ^ A9-W p aD 9 9 A9 + i9 a Ar p -r a A9 p 

(1.3) 

Given the admissible coframe for M as above it is shown in j3] that locally 
there is a pseudohermitian structure (M,6) on M and an admissible coframe 
{9, 6 A } for M, where 1 < A < h, such that when pulled back to M via the 
embedding / : M M we have 

8 = 8 

8 a = 8 a (1.4) 
8 a = 

where we use lower case Roman letters to denote the normal direction, n+1 < 
a < n. Such a pair of frames is known as an adapted pair of coframes. 
It is shown in [3] that on M we have = u^, f a = r a , r b = 0, u a b = 
cuJ'pOi 3 , U) a h g = ^i3 b a , and that the CR second fundamental form II is then 
given by: 

IL(L a ,Lf,) = u a b p L b (1.5) 



2 The Fefferman Bundle 

We now fix a choice of pseudohermitian structure 9 and an admissible coframe 
{9, 9 a , 6>"} on M. Let C = M x S 1 and locally define the 1-form a by: 

ff= ^ ( a + ^.__L_ J »_^ ( , M) (2.1) 

where the variable t parameterizes the S 1 coordinate over M. Then we define 
the metric lionC by: 

h = 9 a ■ 9 a + 29 ■ a (2.2) 
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Here the '•' means symmetric product. It is shown in [S] that both the form a 
and the conformal class of the Lorentz metric h are independent of the choice 
of admissible coframe {9 a }, are globally defined on C, and that h corresponds 
to the Fefferman metric previously developed by Fefferman (among others 
[5], [6]). In [7] it is shown that the projections of null geodesic from C onto M 
are chains (excluding the fibers of C which project to points) and all chains 
are given as the projection of a null geodesic in C. 

Lemma 2.1 With respect to this frame we have: 

R«p - 2 (n+l) R9a P = ° ^ ~ 2(n + l) R9 %S ° l ° Sed 



Note: The condition on the left hand side of this equivalence is to say that 
9 is pseudo-Einstein. 

The proof of this lemma appears in [10] and will be given here out of interest. 
It requires the following useful lemma involving the complex tangent space 
H of M. 

Lemma 2.2 If £ is a closed 2-form on M such that £\H = then £ = 0. 

Given a choice of contact form 9 we have H = (9). The condition £\H = 
implies that £ = rj A 9 for some 1-form rj. The assumption that £ is closed 
then gives = dn A 9 + n A d9. Restricting to H we then see rj A d9\n = 0- 
Since the Levi form is nondegenerate we then have t]\h — (ie r\ = mod#). 
Thus f = rj A 9 = 0. QED 

Now to prove Lemma 12.11 we observe from equation 11.31 and by the sym- 
metry properties of the connection forms that we have: 

du a a = duj a a - A u y a = R^e* A 9 P mod 9 (2.4) 

Thus we see R a p — 2 ^ +1 ^ Rg a ^ — if and only if 

dco Q a = — — -Rd9 = — — -d(R9) mod 9 (2.5) 
2(n + l) 2(n+l) V 1 V 1 

which, by lemma 12.21 holds if and only if 

du « + 2(^TT) dm = (2 - 6) 

QED 
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3 Chains 



Here we will discuss the definitions of chains. The definitions in this section 
are independent of the choice of pseudohermitian structure. A choice of 
admissible coframe {9, 9 a , 9 a } (where 9 £ H 1 - , 9 ^ is a real 1-form) induces 
a family of 1-forms on M {<fi, (p^, cj) a , (j) a , ifj} which are the pullbacks of a 
complete system of forms on a principle G-bundle over M ([!]). A curve 7 
which is transverse to the CR tangent space (ie #(7) 7^ for any choice of 
9 £ H ) is a chain if when we choose our admissible frame 9 a so that along 
7 

9 a = (3.1) 

then we also have, 

4> a = (3.2) 

It is not hard to show that this definition is independent of the choice of 9 a 
satisfying condition (13. ip . 

The above definition can be very complicated to work with because, for a 
given curve, one must choose a coframe associated to that curve satisfying 
13.11 When dealing with more than one chain a geometric comparison is then 
very difficult. In the proof of |1] another formulation of the definition of a 
chain is given which may be used with any given admissible coframe. 

Lemma 3.1 Suppose M is a strictly pseudoconvex CR manifold of hyper- 
surface type. A curve 7 in M is a chain if and only if for any admissible 
coframe {9, 9 a , 9 a } the following equation has a solution a(t) = (a 1 , ...,a n ) 
along 7: 



9 a = 2a a 9 

da a = Aia a \a\ 2 9 - a a (n ° + 7r °) - (p^a 13 - \<p a 



(3.3) 



where tt ° = -^(0 a a + 4>)- 

Note: When we choose an admissible coframe we have 4> = on M. Moreover 
by the anti-symmetry property of the forms cpj 3 (see the appendix of pQ) we 
conclude 7r ° + 7f ° = and thus equation 13.31 may be written: 

9 a = 2a a 9 

da a = 4ia a \a\ 2 9 - <f> p a a p - \4> a ^ ' 
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Proof of lemma 13.11 Fix a chain 7 C M. Fix a contact form 9 on M and an 
admissible coframe {0,0 a }. The admissibility condition means 

do = ig^e a a e~ p 

were the n x n matrix g a g is the identity matrix representing the Levi Form. 
The coframe constructed in [1] may be written in the form of a Maurer-Cartan 
form as: 

"'0 

-id> n (d>^ + n °Sj) 2i6 a I (3.5) 



This family of forms is unique up to transformation by an element of the 
G-structure, h G G. The transformation is then given on M by: 



7T 



dhh' 1 + Imh- 1 (3.6) 



We are free to choose a frame 8, 8 a so that along 7 we have 0=1. It is 
shown in [6] that the element h G G may be chosen to be of the form: 

1 

h{t) = I -2m* / , a{t) G C n (3.7) 
— 2 1 ci 1 2 a 1 

7 is a chain if and only if there is some transformation h so that 8 a = = <p a . 
One may now isolate the 6 a , <p a terms from equation (13.61) and set them equal 
to 0. Using: 

(I 0\ 

hr\t) = 2ia* I ,a(t)eC n (3.8) 
\ — z|a| 2 —a 1 J 

and letting /, J G 0, n + 1 we have: 

26 = V +1 = WW 1 + 
= 20 



= (0 o °,^,2^).(O,5/,-a Q ) 
= a - 2a Q # 
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= da a + H|a| 2 , a 13 , 1) • (6° - 2a a , + 7r °^ Q - 2ia a 9^ -cf) a + a%°) 

2 

= da a + a?$* + aW ~ 2ia a a% + ^0° + a Q 7r ° 
= da Q - 2ia Q a% + afy^ + a Q (7r ° + tt °) + ^0° 
Setting 9 a = <p a = results in the desired differential equation on a(t). 

4 An Isometric Lift 

We will see that the existence of an adapted pseudo- Einstein pair of coframes 
(that is an adapted pair such that each coframe is pseudo-Einstein) is a suffi- 
cient but not a necessary condition on an adapted coframe of the embedding 
/ : M 4 M so that / may be lifted to a conformal isometry. The goal of 
this section is to prove the following theorem: 

Theorem 4.1 The map f : M M may be locally lifted to a conformal 
isometry between Fefferman metrics if and only if the following equation holds 
with respect to any adapted frame. 

Equation 14.11 is a condition on part of the CR conformal curvature tensor S 
of M, the second fundamental form of the map /, and the dimension of M. 
Thus it is a condition on the CR structures of M and M independent of the 
choice of pseudohermitian structure. 

Let {9,9 A ,6 A } be a frame on M adapted to the frame {9,9 a ,9 a } on M. 
Recall by equation 12.21 the conformal classes of the Fefferman metrics on C 
and C are represented by the metrics h = 9 a -9 a + 29-a and h = 9 A -9A + 29-a 
respectively. With respect to this adapted frame, since f*(9 A ■ 9a) = 9 a ■ 9 a 
and f*9 = 9, any lift F : C C of the CR embedding / : M 4 M is a 
conformal isometry if and only if it is actually an isometry and f*a = a. 
By [3] a relationship between Webster's connection 1-forms and the pull backs 
of the Chern-Moser forms is given by: 

(j, a = u fS a + Dg a 9, <f) a = T a + D a 9^ + E a 9 (4.2) 
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where 

D a p — -^.Rap ~ 2(n+l)(n+2)^M 

(4.3) 

f]a _ 2i ( Aau _ T)va \ 
2n+lV \ii \v) 

Here we see that the pseudo-Einstein condition is equivalent to D a p = 0. 
The pullbacks of the associated forms on M are related by: 

4)p a = <f>p a + Cp a 9, ^ a = <j) a + C^ + F a e (4.4) 

where 

C p a = bp a - Dp a , F a = E a - E a (4.5) 
It is shown in [3] using the pseudohermitian Gauss equation that: 

C <* = ^2^^ + - 2(^Vl) + W M>V)<M) (4-6) 

We will take the variable s for the S" 1 coordinate in C. Using equation (3.1) 
the condition f*a = a then becomes: 

—^—ds = —^—dt + —^—(iuj n a -—^- — -R6) —(iu A A -—- — -R6) 

n + 2 n + 2 n + 2 V 2(n+l) ; n + 2 v A 2(n+l) ; 

(4.7) 

This is a differential equation in s = s(x, t) (where x denotes local coordinates 
on M). Locally a form is closed if and only if it is exact, thus we may locally 
solve equation 14.71 if and only if the term on the right hand side is closed. 
We observe, 

ih^cT - 2^) m ) - ftfe^/ - 2(ii)^) is closed 

^7^2^ - m"A A ) = - Z ( 2 (n + lKn+2) R ~ 2(n+l)(h+2) R ) d9 mod 9 

(by Lemma [2.21) 

^ (^+2^«/3 ~~ idpi^ap) = ~ ( 2(n+lj(ra+2) ^ ~~ 2(n+l)(n+2) ^WayS 

(by equation 12.41 and since d0 = ig a p9 a A 6" 3 ) 

(4.8) 
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This means that an isometric lift of / exists if and only if we have (j)p a — (j)^ a 
with respect to any adapted frame. By 14.61 this is equivalent to: 

S a a aB + = 2(^Tl) & V + ^>V)<M ( 4 - 9 ) 

QED 

Let an adapted frame be called an adapted pseudo-Einstein structure if both 
coframes on M and M are pseudo-Einstein structures. It is clear by Lemma 
12.11 and equation 14.81 that if the embedding / admits an adapted pseudo- 
Einstein structure then / may be lifted to an conformal isometry. Thus we 
have established Proposition [T] from the introduction of this paper. 

5 Comparing the Second Fundamental Forms 

It is no surprise that the second fundamental forms of / and a conformal 
isometric lift F are related in a simple way. Fix an adapted frame as before. 
We will need this technical lemma: 

Lemma 5.1 

v< 7 e-^ b / mode, e p (5.i) 

To prove this lemma we start with the following identity from [3]: 

V cu a % = du a % - + u a \u b a - u a %u y » (5.2) 

Working mod^, pulling back to M, and using the M analog of equations (II. 3ft . 
(OD, ©, (E2D we have: 

-R a \^ A 9 D =u a ^ A u y a + u a b A u b a - du a a 

=cu a ^ A u, 7 V 3 + co a b ^ Aoj b a — d(u a a ^) 
=9? A (w a > 6 a - w 7 > T - u a a +>f + du a a p ) 
=9 P A yu a a p mod 9 

This ends the proof of Lemma 15.11 . QED 

Using the coframe {9, 9 a , 9 a } on M we may take {6, a, 9 a , 9 a } as a coframe 
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on C and {T, X, L a , } as a dual frame. The metric h is then given by: 

(5.3) 



h 



( 1 \ 

10 

\g a - p 

V \g ap J 



The following lemma is proved in [9]: 

Lemma 5.2 TTie Levi-Civita connection 1 -forms of h are given by: 



n 



( o 



V 





o 



20" 



-Z0 a 



-fa 







(7- 



(5.4) 



where 



Or. 



/3 



13 



Ma 



n + 2 K ^' ' 2(n+l) 
The analogous procedure using the coframe {9, a, 9 A , 9 A } on C gives: 

/ 


i 

T 



-R a ) 



n 



10~ 

%9 A 

A 



-%a~ A \ 
-%9 A 



\9 B \&B &B A 



V 



(5.5) 



/ 



Since F*a = a the second fundamental form is then given by the pull back 
via F of the forms: 



{Q a a } = {ia a , z9 a , -id*, -i9\ a a \ a/} 



(5.6) 



On C we have r a = = 9 a and thus by equation [H A a a = 0. It is also clear 
that D a 1 = ^2-R° 7 - Thus the non-trivial terms in the second fundamental 
of F are 

I i pa /17 1 p an | 

n+2 7 (n+l)(n+2) rt ; U 

(5.7) 



All « JD an 

and their complex conjugates. We are now in a position to prove the following 
lemma. 
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Lemma 5.3 



(1) If the second fundamental form of F vanishes the second fundamental 
form of f vanishes. 

(2) If the second fundamental form of f vanishes then the second fundamental 
form of F vanishes if and only if R. a = with respect to any adapted frame. 

First assume the second fundamental form of F vanishes. Then all the forms 
in 15.71 vanish. The vanishing of f^R '^ 1 + iC a 6 implies that i? a 7 = 0. 
Combining this with the vanishing of u a a + j^R a a 9 yields u a a = 

Now let us assume u a a = 0. By lemma I57T1 we have R a a = 0. Thus we see 
that all terms in equation 15.71 vanish except R . a = 0. QED. 



6 Chain Preserving CR Embeddings 

We will prove the following. 

Theorem 6.1 A chain preserving CR embedding of strictly pseudoconvex 
CR hypersurfaces f : M — > M may be locally lifted to a conformal isometry 
of the associated Fefferman metrics. 

We consider a pair of coframes (9,9 a ), (9,8 A ), adapted with respect to the 
embedding /, defined near a point p e M and f(p) £ M respectively. Fix an 
arbitrary chain 7 C M through p. By assumption ^(7) is a chain through 
f(p) in M. Parameterize 7 so that 7(0) = p. There exists functions a a (t), 
a A (t) so that 

0° = 2a«(t)6 

9 A = 2a A (t)6 lb ' iJ 
along 7 and / o 7 respectively and thus since these curves are chains we have 

da a = Aia a \a\ 2 6 - (p^a 13 - l<j) a 

da A = 4ia A \a\ 2 § - 4> B A a B - \4> A { > 

Since the frames are adapted and the curve 7 is contained in M we have 
a a = a a and a b = 0. Equating the corresponding terms in 16.21 we conclude 

Aia a \a\ 2 9 - (/73V - -4> a = 4ia a \a\ 2 9 - ^ a a p - (6.3) 
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Recall equation 14.41 which relates the pullback by / of the Chern-Moser forms 
on M: 



Plugging these into equation 16.31 and canceling we then conclude, using 16.11 
that along the curve 7 



(2C p a a p + -F a )6 = (6.4) 



1 

2' 

and since the curve is transversal to the complex tangent space (ie #(7) 7^ 0) 
we then conclude 

2C p a a p + ^F a = (6.5) 

In particular this holds when evaluated at the point p G M. As we vary the 
chain through p, the values of a = (a a ) sweep out C n and thus equation 16.51 
holds as a polynomial of n complex variables a a with constant coefficients 
(evaluated at p). Thus the preservation of chains implies Cg a = and 
F a = 0. In view of equation 14.81 we have now established Theorem 16.11 



7 Mappings Into Spheres 

Now we assume M is (locally) the sphere S 2n+1 C C n+1 and thus its CR 
curvature tensor vanishes identically. 1 =^> 2 in Theorem 10.11 holds by the 
previous section. To prove 2 <^ 3 we observe by 14.11 that the map / may be 
lifted to a conformal isometry between Fefferman metrics if and only if: 

= W^T)<^^ (7.1) 



Lemma 7.1 Condition \7.1\ is satisfied if and only if u a a p = 

The 'if portion of the lemma is obvious. Now let us assume [7?Tl holds. Fixing 
a = j3 we then obtain: 



2(n+l)5>/«| 2 = E K 



a |2 



/i, a n, v, a 

a |2 
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Which then implies for each a we have: 

(2n+l)$>/J 2 = £ |<J a (7.2) 

Set £ Q = ^"J 2 Summing over a equation 17.21 then implies: 

(2n + 1) ^ £ Q = E E & = ( n - !) E & < 7 - 3 ) 

a a u^a a 

Since £ Q > we must have £ a = which then gives w a "^ = 0. QED 

Now to prove 3 =>• 4 in Theorem 10.11 we first recall that in [3] the follow- 
ing pseudoconformal Gauss equation is established for all p e M: 

[S(X, Y, Z, V)} = S(X, Y, Z, V) + [(U(X, Z), U(Y, V))], X, Y,Z,Ve T^M 

(7.4) 

where [S] denotes the traceless component of the pseudo-conformal curvature 
tensor S on M. Since both S and II vanish identically clearly so must S, 
that is to say that M is CR-flat and thus locally equivalent to the sphere. In 
[3] the following rigidity result is proved: 

Theorem 7.1 Let f : M S 2n+1 be a smooth CR-immersion and s be the 
degeneracy of f . If h — n — s < | , then any other such CR-immersion f is 
related to f by f = A o / , where A is a CR- automorphism of the ambient 
sphere. 

Since the CR second fundamental form of / vanishes it's degeneracy is s = 
h — n. Let <p '■ § 2n+1 — > M be a local CR diffeomorphism guaranteed now 
since M is CR flat. The degeneracy of / o <fi is the same as that of / and the 
CR second fundamental form of / o <fi still vanishes, thus / o <fi is equivalent 
to the trivial map, ie there is an automorphism A e Aut{& n+1 ) such that 
the composition A o / o (p : § 2n+1 — y § 2n+1 is the linear embedding. 
Now we finish the proof of Theorem 10.11 by concluding 4 =^ 1. Suppose 
maps 4> : S 2n+1 — > M and A G Aut(S> 2n+1 ) exist as in the theorem so that 
A o / o (p : S 2n+1 — y § 2n+1 i s linear. It is known that the chains in a sphere 
are exactly the great circles and thus a linear embedding between spheres 
preserves chains. CR diffeomorphisms always preserve chains and thus since 
<p, A and A o f o <fi all preserve chains, / must as well. 
We have now established Theorem lO.il 
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